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Abstract 



In [9], the stochastic game corresponding to perpetual convertible bonds was considered 
when driven by a Brownian motion and a compound Poisson process with exponential jumps. 
We consider the same stochastic game but driven by a spectrally positive Levy process. We 
establish a complete solution to the game indicating four principle parameter regimes as well 
as characterizing the occurence of continuous and smooth fit. In [9], the method of proof 
was mainly based on solving a free boundary value problem. In this paper, we instead use 
fluctuation theory and an auxiliary optimal stopping problem to find a solution to the game. 
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1 Introduction. 

Let X = (X t ,t > 0) be a Levy process defined on a filtered probability space (ft,J-, F, P), where 
F := {J-"t,t > 0} is the filtration generated by X which is naturally enlarged (see for instance 
Definition 1.3.38 in [6]). For x G IR denote by F x the law of X when it is started at x and write 
simply P = P. Accordingly, we shall write K x and E for the associated expectation operators. In 
this paper we shall assume throughout that X is spectrally positive meaning here that it has no 
negative jumps and that it is not a subordinator. It is well known that the latter allows us to talk 
about the Laplace exponent ip(9) : [0, oo) — > IR, i.e. 



E 



e -ex t 



--:e^ {e \ t,9>0, 
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and the Laplace exponent is given by the Levy-Khintchine formula 

j>(9) =n9 + h % 2 + f (e- 0x - 1 + 6xl {x<1} )Tl(dx), (1.1) 

1 V(0,oo) 

where /i £ IR, b 2 > and II is a measure on (0, oo) called the Levy measure of X and satisfies 



/ (1 A x 2 )H(dx) < oo. 

J(0,oo) 



'(0,oo) 

The reader is referred to Bertoin [5] and Sato [15] for a complete introduction to the theory of 
Levy processes. 

Denote by 7o j00 the family of all [0, oo]-valued stopping times with respect to F. We are 
interested in establishing a solution to a special class of stochastic games which are driven by 
spectrally positive Levy processes. Specifically, for a > and j3,q,K > 0, let 



L t := e - qt+Xt + [ e- qs (a + Pe Xs )ds, 
Jo 



and 



U t := e- qt {e Xt V K) + / e~ qs {a + (3e Xs )ds. 

Jo 

We are interested in the stochastic game consisting of two players and expected pay-off given by 

M x {t, a):=E x [l t 1I {t<(t} + f/ CT lI {(T < r} ] , (1.2) 

for x > 0. The inf-player's objective is to choose some a £ 7^ j00 which minimizes (11.21) . whereas 
the sup-player chooses some r £ 7^ j00 which maximizes this quantity. We are principally interested 
in showing the existence of a stochastic saddle point (also known as Nash equilibrium cf. Ekstrom 
and Peskir [8]). That is, we want to find r* and a* such that 

M x (r, a*) < M x (t*, a*) < M x {r\ a) for all r, a. (1.3) 

Note that (11.31) implies for each x, 

V(x) := supinf M x (r,a) = inf sup M x (r, a), (1.4) 

T cr a T 

the so called Stackelberg equilibrium. We call V(x) the value of the game when it exists. Note 
that for x > log K 

M x (t, 0) = e x = M x (0, 0) = M x (0, a) 

for any r, a, i.e. r* = and a* = form a Nash equilibrium whenever x > log if with V(x) = e x . 
In what follows, we assume 

(A):^(-l)<g. 

In that case, the Laplace exponent if) is well-defined on [—1, oo) and moreover the Levy-Khintchine 
formula can be extended to the interval [—1,0) (see for instance Lemma 26.4 in [15]). Without 
this condition the gain in the expectations in (11.21) is infinity on the event {r = a = oo}. 
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2 Main results. 



Below, in Theorems [THU we give a qualitative and quantitative exposition of the solution to (11. 3p . 
Before doing so, we need to give a brief reminder of a class of special functions which appear 
commonly in connection with the study of spectrally positive Levy processes. For each p > we 
introduce the functions : IR — > [0, oo) which are known to satisfy for all x, y > 0, 



E 

where 



W(p\x + y)' 



Ty : = inf{t > : X t > y} and t_ x := mi{t > : X t < -x} 

(cf. Chapter 8 of Kyprianou [10]). In particular W^ p \x) = for all x < and further, it is known 
that on (0, oo) is almost everywhere differentiable, there is right continuity at zero and 



oo 

e -P x W {p \x)dx 



for all j3 > $(p), where $(p) is the largest root of the equation ip{6) = p (of which there are at 
most two). For convenience, we write W instead of W^°\ 

Associated to the functions are the functions : IR — > [1, oo) defined by 

Z {p \x) = 1+p [ W {p \y)dy 



for p > 0. Together, the functions and are collectively known as scale functions and 
predominantly appear in almost all fluctuation identities for spectrally positive Levy processes. 
For example, it is known that for all y G IR 



E 



Z {p \y)-^W^\y). (2.6) 



We make the very mild assumption that II has no atoms when X has paths of bounded variation. 
This suffices to deduce (cf. [7]) that W ( '^ E C\0,oo) and hence e C 2 (0,oo) and further, 
if X has a Gaussian component they both belong to C 2 (0, oo). It is also known that if X has 
bounded variation with drift d, then W^ p \0+) = 1/d and otherwise W^ p \0+) = 0. (Here and in 
the sequel we take the canonical representation of a bounded variation spectrally positive Levy 
processes X t = S t — dt for t > where (S t ,t > 0) is a driftless subordinator and d is a strictly 
positive constant which is referred to as the drift). Further, when X has unbounded variation, 

W {p) '(0+) = 2/b 2 (2.7) 

which is understood to be +oo when b 2 = 0. Consider the exponential change of measure 

= e~ XXt -^\ forA>-l. (2. 



dP 



3 



Under pW, the process X is still a spectrally positive Levy process and we mark its Laplace 
exponent and scale functions with the subscript A. It holds that 

Va(0)=V>(a + 0)-v(a) 

for 9 > and, by taking Laplace transforms, we find 

W^\x) = e~ Xx W {p+ ^ x) \x) 

for p > 0. The reader is otherwise referred to Chapter VII of Bertoin [5] or Chapter 8 of Kyprianou 
[TO] for a general overview of one-sided Levy processes and scale functions. 

It turns out that the solution to the stochastic game can fall in four different regimes, depending 
on the value of the discount factor q. We remind the reader of the standing assumption (A). 

Theorem 1. Suppose q < a/K. Then a saddle point for the stochastic game U.3\) is given by 
a* = 0, r* = K . In particular V(x) = K V e x for all x. 

Theorem 2. 

(i) As a function of q, 

«(<%) + 1) 

a (q) :-- 



<%)(<? -<K-i)-/?)' 

is strictly monotone decreasing with a*(f3 + if>(— 1)+) = oo and a*(oo) = 0. Define 

q = sup jg G (0, oo) : a*(q) < 

(noting that qo > (3 + 1) necessarily) . It holds that qo > a/K. 
(ii) For all q G [go, oo) a stochastic saddle point is given by the pair 

r* = inf U > : X t > loga*(g)} and a* = inf jt > : X t > logir}. 



In particular, 



ct 

V{x) = e x + —-g(\ g(a*(q)) - x) 



where 

g(z) = ($(g) + 1) / ey-*W®(y)dy-$(q) I W®(y)dy. 



(Hi) For q G [g ,oo), there is smooth fit at loga*(g) if and only if X has paths of unbounded 
variation and otherwise there is continuous fit. 

Theorem 3. 

(i) Assume that b 2 > 0. The set 

b 2 a ( K 
q G (0, go) : < K— + 



2 $(g) \a*(q) 

is an interval whose infimum we denote by q\. In particular gi > a/K. 
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(ii) When b 2 > and q G [91, 9o], a saddle point for the stochastic game U.3\) is given by 

T * = a* = inf h > : X t > log if}. 

In particular, 

V{x) = e x (\ + (9 - ^ g eW (?) (|/)d!/ - AT g ^^~^ e- 3! W (q) (log^- ^ 

+ TyW(k)g^-x) [ l ° SK ( a + (3e yy( q ) Vdy _ f l ° gK (a + i3eV)wM(y-x)dy. 

J — oo J X 

(Hi) When b 2 > and 9 G [91, 90] i/iere is smooth fit at logK if and only if q = q or q = q\. 

(iv) When b 2 = 0, then the strategies r* = a* = inf{t > : X t > logf^} do not form a stochastic 
saddle point when 9 < 90. (In this case we define 91 = 90/ 

Theorem 4. Suppose that a/K < q < q±. 

(i) The functional equation in a 



9 1 / a (3 
$(9) = K \$(q) + $(9) + 1 



1 r°° 

ml n ( d -+ lo ^-«)( 1 - e " 



+ ^dTTr n(d " +iogi " _a)e2(i-e_ 



■(*(«)+!)* 



) 



has a unique solution in (— 00, logK) which we denote by c*{q). 
(ii) A stochastic saddle point is given by the pair 

r* = inf jt > : X t > logfsf} and a* = inf {* > : X t > c*(g)}. 

In particular, for x < c*(q) 

V(x) = K(z^{c*{q) -x)- *W®{c*{q) - x) 

PC 

+ 



(a + (3e y ) ( e -^ c *^-^W {q) (c*(q) - x) - W (q \y - x))dy 

+ e ^ q){x - c * iq)) j°° e-* {q)u Il(du) ^ dy(w (q) (c*(q) - x) - e~^ q)y W iq \c\q) -x + yj) 

x e *(l)(u + y)( e c*( q )+u+y _ K)l {u+y+c « (q)>logK} 

and for x > c*(q) 

V(x) = e x V K. 



5 



(in) There is smooth fit at c*(q) if and only if X has paths of unbounded variation and otherwise 
there is continuous fit. 

The order in which we present these statements above (first q < a/K, followed by q > go? 
q G [<7i,5o] when b 2 > 0, and finally q G (a/K,qi)) is convenient with regard to the dependency 
between their proofs. We also note that with the exception of Theorem [3j the conclusions with 
regard to smooth versus continuous fit are consistent with existing results in the literature which 
generally exhibit smooth fit at boundary points of the stopping region if and only if that point is 
regular for the interior of the stopping region (see for example pQ and [13]). In our case, thanks 
to stationary and independent increments of X, this boils down to the point being regular for 
(0, oo), which also corresponds to the case that X has unbounded variation for the special case of 
spectrally positive Levy processes. 

The remainder of this paper is dedicated to proving these theorems and is structured as follows. 
In the next section we state and prove a Lemma which will be repeatedly used to implement proofs 
on the basis of 'guess and verify' such as is common with solving optimal stopping problems. 
Thereafter we prove the four main theorems above in the order that they are stated. 

3 Guess and verify 

Following classical ideas in optimal stopping, we verify that a candidate solution solves the stochas- 
tic game (11. 3ft by checking certain associated bounds and martingales properties. Specifically, we 
use the following verification lemma which is of a similar form to Lemma 5 in [3] . 

Lemma 1 (Verification Lemma). Fix x G R. Suppose that r* G 7o,oo on<i °~* G 7o )00 are candidate 
optimal strategies for the stochastic game \l-4\ ) such that 

sup e- qa+x °K {a < T * } (3.9) 

has finite mean under F x . Let 

V*{x) = e x (l t *i {t * <(T * } + u a *i {a *< T * } y 

Then (r*,cr*) is a stochastic saddle point of U.3\) with value V* if 

(i) V*(x) > e x , 

(ii) V*(x) < e x V K, 

(Hi) V*(X T *) = e Xr * almost surely on {r* < oo}, 

(iv) V*(X a *) = e x<T * V K almost surely on {a* < oo}, 

(v) the process 

(ptAr* 
e- q(tATt) V(X tAr *) + J e- qs (a + (3e Xs )ds, t > 

is a right continuous submartingale and 
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(vi) the process 

f rtAa* 

e- q{tAr7t) V(X tAa *) + / e~ qs (a + pe Xs )ds, t > 
^ Jo 

is a right continuous supermartingale. 
Proof: Define 

where r and a are stopping times. Since we have assumed that q > ip(— 1) V 0, we have that 



^,00= / e- qs (a + f3e x °)ds. 
Jo 

From the supermartingale property (vi), Doob's optional sampling theorem, (iv) and (i) we know 
that for any stopping time r and t > 0, 

(ft At Act* \ 
e -«(t^*) V *(X tATAa *) + y e -*'(a + Pe x °)ds) 

> E x (e-^ +x ^l {tAr<a * } + e-«°\e x ^ V K)l {a *< tAr} 
+ / e~ qs (a + pe Xs )ds 



o 



It follows from Fatou's lemma by taking t to oo, that 

^)>E,(tf r V)- 

Now using (f), Doob's optional sampling theorem, (Hi) and (ii) we have for any stopping time a 
and t > 0, 

e- 9r * + ^*l {T »< CTAt }J + E *(/ e-« s (a + ^)dsj 

+ E x L-^ At \e x ° M V K)I {<TAt < T * } J . 

Taking limits as t goes to oo and applying the monotone convergence theorem for the first two 
terms on the right-hand side and the dominated convergence theorem for the last term on the 
right-hand side (see A3. 9ft ). we have 

V*(x) < E x (H** >a ), 

and hence (r*,cr*) is a saddle point to ( 11 .3D . □ 
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4 Proof of Theorem U 

Suppose q < a/K. We claim that the process (Z t , t > 0) defined by 

-*(t^+ g K)(K V e XtA <K) + [ l0£K e~ qs (a + (3e x °)ds, t > 



o 



is a submartingale. Indeed, when x < log-fT, we have on {t < r£ K } 

dZ t = [(a - qK)e- qt + ^e~ qt+Xt \dt 

and 

Z T+ -Z T+ _ = e-^K^^K _ K), 

log K log K 

showing that, as (3 > 0, Z is an adapted, strictly increasing process, i.e. a submartingale. 

We may now invoke the Verification Lemma, since the other properties are automatically 
satisfied by taking a* = 0. Note in particular that the condition (I3.9P is automatically satisfied 
since 

sup e~^l { + } < e V K< oo } + # 

and 

E x .(e~ 9Tl ° sK+XT 'W lT+ . ,) = e a; Ei- 1 )(e- ( ^ ( - 1))T i^) < e * 

Vlog A'^- 00 / ' 



5 Proof of Theorem 2 



The basis of the proof of Theorem [2] is the assumption that the optimal strategies take the form 
a* = inf{t > : X t > log if} and r* = inf{t > : X t > y*} for some optimally chosen y*. On 
this basis, establishing the value function in the Stackelberg equilibrium, V, would boil down to 
computing H y * where for any — oo < y < log if, H y (x) := F, X (L T +), that is to say, 

H v (x):=E x [e~ 9Tv+ ^ + ) + J E^e^a + f3e x °)H {s < Ty+} )ds. (5.10) 

We thus proceed by evaluating the above expression in terms of scale functions, then we choose the 
value of y* by blindly applying the principle of smooth and continuous fit respectively to the cases 
that X has paths of unbounded and bounded variation and finally we verify that the established 
strategy is indeed optimal with the help of the Verification Lemma. 

With the help of the exponential change of measure, (12.81) . and (12.6j) . the first term of the 
right-hand side of the above expression for H y satisfies 

Eje- qr ^)=e^(e- qT - +X ^ 



r{l + (q- V>(-1)) r e y W (q) (z)dz g -^(-l) e y-x W (q)r y _ x \ 

Jo $-i(<? -n-1)) 
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On the other hand from Theorem 8.7 in [10J, the second term of the right-hand side of (15.101) 
satisfies 

j™E x (e-« s (a + Pe x °)l {s < Ty+} y s = %(e~ qs {a + [le^l^-^ds 

(a + (3e y ~ z ) [e-^ q)z W {q \y - x) - W {q \y -x- z))dz 
(a + (3e z ) [e-^ q){y - z) W {q \y - x) - W {q) {z - x))dz, 



where P denotes the law of the dual process X = —X. Finally noting that — ■?/>(— 1)) 

$(g) + 1, we get 

H y {x) = e x (l + (q- ^(-1)) [ V e z W {q) (z)dz - 9 ~t}~]K y - x W^{y - x] 
V Jo ®{Q) + 1 

+ f V (a + f3e z )e-^ y - z) W {q \y-x)dz- j (a + f3e z )W (q \z - x)dz. 

J — OO J X 

We also see in particular, making use of the fact that W^ q '(0—) = and Z^(0) = 1, that 



H y {x) = e* 



for all x > y. 



Having expressed H y in terms of scale functions, we now turn our attention to making the 
choice of y* using the principle of smooth and continuous fit. 

Bounded variation and continuous fit: In this case it is known that W^ q '(0+) > 1/d 
where d > is the drift term of the process X. It follows that 



H loga (\oga-) = all 



"Lt ( 1 V (t?) (0+)^| + W iq) (0+)a-^ [ (a + pe y )e^ q)y dy 

+ 1 / J-oo 

= a + aV^(0+)(%-^- + — | 9 ~t ( ~ 1) W /( ' ?) (0+)V (5.11) 

V ; \a$(q) $(q) + 1 $(g) + 1 V ') V ' 

In order to avoid a discontinuity at a we choose it equal to the value a* which satisfies 



q-ip(-l) a (3 



$(<?) + 1 a$(q) $(g) + 1' 
Note that this is equivalent to requiring that 

q($(g) + 1) 



(5.12) 



providing q > + (3. In order to respect the requirement that a* < K we also need to check 

how the function a* = a*(q) varies with q. To this end, note that 

£ -(q - ^(-1) - f3)aV{q) - a($(q) + !)<%) 

dq a[q) (*(?)(? -V>(-i)-0)) 2 
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hence a*(-) is strictly decreasing. Note also that 

lim o*{q) = oo and lim a*(q) = 0, 

which implies the existence of a unique q > [3 + ?/>(— 1) such that a*(g ) = K. Note that it also 
turns out that go > ol/K on account of the fact that for q < a/K 

„•(,) > y « + 1 > = **<«*•.) > «■ 

where in the equality we have appealed to the well-known identity for one of the Wiener-Hopf 
factors of X (cf. Chapter 8 of [TDJ). 

Unbounded variation and smooth fit: In this case it is known that W ( - q \0+) = and 
hence in the above analysis one sees that ifi oga (loga— ) = a = H\ oga (loga+). In that case, the 
principle of smooth fit can be implemented and we insist on there being no discontinuity in H[ 
at log a. We have 

H{ oga (x) = e*Z^ [ - X) \log{a) - x) - e x {q - ^{-1))W { X^' 1)] '(log(a) - x) 

+a 9 ~f ( ~iV log _ w {q), (log(a) - x)a-^ q) (a + f3e y )e^ q)y dy 

$(g) + 1 ' 



X' 



+ {a + (3e x )W iq) {0+). (5.13) 

Recall that W^ q) (0+) = and that W {q) '(0+) = 2/b 2 which should be interpreted as +oo in the 
case that the Gaussian coefficient b 2 = 0. We find 



#ioga( lo g G -) = a + 



<z-<0(-i; 



a- n-m 



<%) + 1 



log a 



(a + (3e y )e^ q)y dy 



oo 



W {q) '(0+). (5.14) 



In order to obtain the smooth fit H{ (loga+) = a we must thus have that 

which, after a simple integration on the right hand side, gives the same expression of a* as in the 
bounded variation case. The same bounds on q are thus still applicable in this case too. 

In both cases, we obtain our candidate value function 
H loga *(x) = e'Zffi^QogW-x)- f° ga (a + Pe v )Wto{y-x)dy 



e x 



Aog(a*)-x \ Aog(a*)-x 

l + (g--0(-l))y e y W (q) {y)dy\ - j (a + f3e y+x ) W (q) (y)dy. 



We now proceed to verify our candidate solution when q > qo- That is to say, we shall verify 
that 

T * = r loga*> a * = T ltgK aIld V *( X ) = Hl oga *(x) 
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fulfill the conditions of the Verification Lemma. Note in particular that r* < cr*. 



Submartingale and supermartingale properties: To this end, note that (15.101) together 
with an application of the Markov property gives us for all t > 0, 



A* 



E, 



e~ qT ^*V*(X T+ ) + 



log a* 



log a* 



e- qs (a + (3e*°)ds 



log a* 



tAr," 1 



e~ qs (a + (3e Xs )ds 



That is to say, A = (A t : t > 0) is a martingale. This confirms the submartingale property (v) in 
the Verification Lemma. 

An easy computation shows that 

V*"{x) = e x Z^ i,{ - 1} \\og(a*) - x) - a*(q - ^(-l))[W^ } (k)g(a*) _ x ) + W (q) '(\og(a*) - x)] 

and hence V* belongs to C 2 (— oo, log a*). Moreover, the latter conclusion is sufficient to show 
that TV*(x) is continuous on (— oo,loga*) where T is the infinitesimal generator of X, and in 
particular, 



TV*(x) = fJl V*'{x) + -V*"{x) + 



(0,oo) 



(V*(x + y)- V*(x) - yV*'(x)l {y<1} )U(dy). 



(See for example the argument in Lemma 4.1 of [H]). For any — n < x < a < log a*, where nGN, 
the aforementioned facts concerning smoothness and continuity allow us to apply Ito's formula to 
A, but stopped at rl n , where rZ n = inf{t > : X t < —n}, and deduce that 



A 



t/\T 



V(.r)+ I e- qs [(T -q)V*(X s ) + (a + [3e x °)}ds + m t 

o 



(5.15) 



where 



thr At: 



tAr „AtJ 



e - qs V*'(X s )dB s + / e- qs V*\X s )dX^ 
2 Jo Jo 

+ E e ~ qs \- v *^ ~ v *( x *~) - &x s v*\x s _)x {AX3<1} ] 

s<tAr~ At+ 



tAr_„Ar2 



-qs 



e 

i(0,oo) 



(V*(X S _ +y)- V\X S _) - yV*\X s .)l {y<1} )U(dy)ds 



is a local martingale such that B is the Gaussian component in X and X^ is the martingale 
part of X consisting of compensated jumps of size strictly less than unity. In fact, thanks to the 
boundedness of V*' and TV* on [— n, a], the process {m t : t > 0} is a martingale. The latter, 
together with the fact that A is a martingale, implies that the drift term in (15.151) must almost 
surely be equal to zero. Taking expectations and writing R^(x,dy;a,—n) for the (/-resolvent 
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measure of the process X when issued from x and killed on first entry into (—00, — n) U (a, 00) we 
have for all — n < x < a < log a*, 



[(r - q)V*{y) + (a + f3e y )}R iq \x, dy; a, -n) = 0. 



-n,a] 

As R^(x,dy; a, —n) is absolutely continuous with respect to Lebesgue measure with a strictly 
positive density in (— 00, 0) (cf. Chapter 8 of Kyprianou [10J ) it follows that 

(T-q)V*(x) + (a + (3e x ) = (5.16) 

for Lebesgue almost every x < log a*. The latter can be upgraded to every x < log a* as the left 
hand side of (15.161) is continuous. It is also trivial to check that V*(x) = e x on (log a*, 00) and 
hence it follows from q > + (3 that 

(r - q)V*(x) + (a + (3e x ) = (^(-1) -q + (3)e x + a< (^(-1) -q + p)a* + a<0 

on (log a*, 00). 

Next, note that it is straightforward to see that V* is twice continuously differentiate on 
(—00, log a*) U (log a*, 00) with the existence of a left and right derivative at log a*. We may thus 
apply the Meyer-Ito formula (cf. Theorem 70 of Protter [H]) to the process V(X tAr + ) and then 

integrate by parts to obtain, in a similar vein to (15.151) . that 



' log if 



,) + 



tAr,: 



e~ qs (a + (3e*°)ds 



V*(x) + 



*at,; 



e- qs [(T - q)V*(X s ) + (a + (3e x °)]ds 



+- 



tAT, 



log K 



e~ qs (V*'(\oga*+) - V*'(\oga*-))d£ 8 + M t 



where M := (M t : t > 0) is a local martingale and i :— (if : t > 0) is the semi-martingale 
local of X at log a*. Note that when b 2 = 0, the final integral is identically zero owing to the 
fact that the local time process I is also identically zero and otherwise, when b 2 > 0, the final 
integral is still identically zero thanks to smooth pasting. Note also that although the quantity 
(r — q)V*(x) + (a + /3e x ) is not defined at x — log a*, this is not a problem in the context of the 
above calculus as the Lebesgue measure of the time that the process X spends at log a* is zero. 

Recalling that (T — q)V*(x) + (a+j3e x ) < on (— 00, loga*)U(log a*, 00), by taking expectations 
with the help of a suitable localizing sequence of stopping times {T n : n > 1} for M, Fatou's lemma 
and monotone convergence, we obtain 



E 7 



-<?(*At, 



log 



< lim E a 

n|oo 



/ tAT l K 
e-* s (a + (3e x °)ds 



e -q(tAT n AT+ sK )y*(x 

V r 

*AT„AT+ K 



< V*(x) + limE 2 

nfoo 

< V*(x). 



e~ qs (a + (3e Xs )ds 
e~ qs [(T - q)V*(X s ) + (a + (3e Xs )]ds 
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The last inequality above together with the Markov property is sufficient to deduce the super- 
martingale property (vi) in the Verification Lemma. Note that right continuity follows immediately 
from the continuity of V* and the fact that X has cadlag paths. 

Lower and Upper bounds: The bounds (i) and (ii) in the Verification Lemma can be 
deduced directly from the expression for V*. To this end, write 

a 



V*(x) 



e x + 



g(\og(a* 



x 



( z ) = ($( g ) + 1) / e y - z W {q \y)dy - / W {q \y)dy. 



where 



Note that g(0) = 0. Since V*(x) = e x for all x > log a*, we have the required lower bound for V* 
if we can prove that g'{z) > for all z > 0. To this end we differentiate and find that 



e¥ ?) (z)-(%) + l) / e y W {q \y)dy 

Jo 

W {p) (z)- V (p) [ W {p \y)dy 



where p = q - W {p \z) = e z W^(z) 

<fip) 



W q _-^ { - l \z) and 



^-1)-V(-1) = ?-V'(-1)} 



sup{6 > 
= sup{^ > 
= sup{0 > 
= Hq) + l. 

Finally, to show that g'(z) > we note from (8.20) of Kyprianou (2006) that 

" <z) = W*\z) - <p(p) f WM(y)dy, 



< 



V 



where e p is an exponentially distributed random variable which is independent of X and has 
parameter p. 

For the upper bound on V* it suffices to show in a similar vein to the lower bound that 
V*'(x) > 0. Calculations in the spirit of the ones above show that 

a <%) + 1 



V{x) = - 
a* 



a — 



_p(-l)(_X„ < x-l0Q 



®(q)q-H-K 

> -^^T^TV^-^^e <x-loga*)] 

> 0, 

where we have made use of (15. 12ft . 

Stopped values: Note that since V*{x) = e x for x > log a* both conditions (iii) and (iv) are 
automatically satisfied. 

Having now checked properties (i)-(vi) of the Verification Lemma, and noting that the justi- 
fication for (13.91) is the same as in the proof of Theorem [TJ we may conclude that the proposed 
triple (t*, <t*,V*) is a stochastic saddle point. □ 
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6 Proof of Theorem [3 

The proof of Theorem [3] relies on the following optimal stopping problem. Recall that for q > 

U t = e- qt {e Xt V K) + f e' qs {a + (3e Xa )ds. 

Jo 

Lemma 2. Let a/K < q < q . Define the function w(x) : IR — > IR + by 



w(x) := inf E T 



TTien u> /ias the following properties, 

(i) w is non-decreasing, 

(ii) w(x) < e x V K for x G IR, 

(Hi) there exists a c* < logfT such that 



w(x) = E, 



X 



e" T c* v K)+ I e~ qs (a + (3e Xs )ds 



(iv) w is continuous in x and w(c*) = K, 

(v) w(x) > e x for x e IR, 

X T + 

(vi) w(X T + K ) = e TlosK almost surely on {r^ gK < oo} 

(vii) w(X T +) = e T c* V K almost surely on {r c t < oo} 

(viii) the process 



/ tAr l K 
e~ qs (a + (3e x °)ds, t > 



tAT\ 



is a right continuous submartingale and 
(ix) the process 

(e- q[tAT ^w{X thT + ) + / e~ qs {a + (3e x °)ds, t > 

is a right continuous supermartingale. 
Proof: (i) Denote X 4 * = X tAr + for all t > 0, and introduce the additive functional 



'log K 



tAr, 



.4, 



log K 



e~ qs (a + (3e Xs )ds, for all t > 0. 
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(6.17) 



Then the process Z := (Z t ,t > 0) given by 

Z t := (t,A t ,X*) for all t > 0, 

is Markovian and starts from (0, 0, x) under the measure F x . For (t,i,a?) G IR+ x IR denote by 
P(t,i,x) the l aw of ^ when it started at (t,i,x). Thus the optimal stopping problem (I6.17P reads 



as follows 



w(x) : = W(0,0,x) 



inf E 



(0,0,2) 



F(aAT+A a ,X* a ) 



where F(t,i,x) = e qt (e x V K) +i. Since F : IR+ x IR — > IR + is continuous and X* is quasi-left 
continuous we can deduce that w is upper semicontinuous. Furthermore, we have 



E 



(0,0,a;) 



sup F(t A T+^A^Xp, 

t>0 



< 1L 



a 



< K + - + 



e- qs {a + f3e Xa )ds 
P 



' k+X + 



+ e x Z^ ( - 1) \logK -x)<oo, 



q q-^(-l) 



so we can apply a variant of Theorem 3.3 on p. 127 of Shiryaev [16] (see also Corollary 2.9 on p. 46 
of Peskir and Shiryaev [13]) to conclude that 

t d = inf{t > : Z t G D}, 

where D = {(t,i,x) G IR+ x IR : W(t,i,x) = F(t,i,x)}, is an optimal stopping time. Note that 
for all (t,i,x) G IR^_ x IR, the following identity holds 

W{t,i,x) = e- qt W(0,0,x) +i, 

and thus we deduce that D = {x G IR : w(x) = e x V K} and t d = r^ gK A inf {t > : X t G D}. 

In what follows, if q is a stopping time for X we shall write ^(a;) to show the dependence of 
the stopping time on the value of Xq = x. Similarly, we denote 



Ui x) = e 



- qt (e Xt+x V K)+ [ e- qs {a + (3e Xs+x )ds, t>0. 
Jo 



For y > x, we have that > Uj; for all t > and thus, also appealing to the definition of w 
as an infimum, 



w(x) — w{y) = E 



U 



(x) 

td(x) 



u 



(y) 

i~D(y) 



< E 



jj( x ) _ jj(y) 

TD(y) r D (y) 



< o, 



which implies that w non- decreasing. 

(ii) This property follows directly from the definition of w as an infimum and taking for instance 
the stopping time a = 0. 

(Hi) Recall that w is upper semicontinuous. Thus the set 

C := {x G IR : w(x) < e x V K} 

is open. From (ii), we deduce that C = D c and therefore D is a closed set. The fact that w is 
non- decreasing and that D is a closed set implies that there exists a c* < K such that D = [c*, oo). 
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In that case To = r c t. 

(iv) We first note that from the definition of w as an infimum, we have 



E 



U 



(y) 



U 



(y) 



> 0. 



Now, for y > x, it holds that e x V K — e y V K > e x — e y and t£_ x > r c t_ y . Therefore 



w(x) — w(y) = E 



U 
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(y) 



(y) 



> (e x - e y )E 
>&{c*,f3){e x -e y ) 



C—y- 
"OO 



-qr+ +X + , 

e c ~ x T c*-*+P / e- qs+Xa ds 



+ E 



- u 



(y) 



for some constant ^(c*,/3) > which depends on c* and /?. Therefore, using part (i), we deduce 
that w is continuous and moreover that w(c*) = K. 

(v) In what follows, for q > 0, it is convenient to denote the function w by w(x, q) and Z7< = U t (q) 
for all t > 0. Note that for any t > 0, Z7t(?) is non- increasing in g. Hence, 



> w(x,q ) 



inf E a 



log K 



(go) 



for g < go- 



On the other hand, recall from Theorem [2] that when g = g , a saddle point for the stochastic 
game (jl.3p is given by r* = a* = Rif , and in particular the value function satisfies 



V(x, g ) = E a 



log K 



Therefore, appealing to the definition of V as an infimum and using the lower bound on the 
solution to Theorem [2j we have 

w(x,q) > w(x,q Q ) = M(r+,r+ g ^) > V(x,q ) > e x . 

(vi) and (vii) These are trivial statements. 

(viii) and (ix) These are standard results from the theory of optimal stopping. See for example 
Theorem 2.2 on p. 29 or Theorem 2.4 p. 37 of Peskir and Shiryaev [33]. □ 

According to the previous Lemma and the Verification Lemma, a stochastic saddle point of 



the Kiihn-Gapeev game exists and is given by r* 



r, 



+ 



lo R K 



and a* = r c t, for a given c* < logTT. 



(Note that the condition (13.91) is dealt with in the same way as before). Therefore the associated 
value function is given by 



V{x) 



3 -a r v 



X 



e c* V K ) -\- / e' qs (a + (3e Xa )ds 



The proof of Theorem [3] is thus complete as soon as we can characterize c* as given in the statement 
of the theorem. 

Suppose that b 2 > 0. Our objective is to show that r* = o* = t^L k is the stochastic saddle 
point provided q is smaller than go but not too small (to be made precise below). We again do 
this with the help of the Verification Lemma. 
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We show that c* = log if if and only if H{ ogK {\ogK-) > 0. Note that from floTTal) we find that 

K s k(^K-) =K+-^ 2 (Ke-^ - 1) , (6.18) 

where we have used the fact that WW(0+) = and W {q) '(0+) = 2/b 2 when b 2 > (cf. Chapter 8 
of Kyprianou [ID]). Taking account of the monotonicity of Hi og x{x, q) in q this implies that those 
q G (0, g ) for which 

$(g)5 2 v ' 

form an interval the left end point of which we shall denote by q\. First consider q > q\. It then 
holds that H[ ogK {\ogK— ) > and hence H\ ogK (x,q) < Hi ogK (\ogK,q) = if for x G [log if — 
e, log if) for some e > 0. Now any choice of c* < log if would imply H\ ogK (x, q) < w(x) for some 
x < log if, since w(x) = if for all x G [c*, log if]. This leads to an immediate contradiction due 
to the fact that t£ K is a feasible strategy for the optimal stopping problem (16.171) . We conclude 
that for q > q\ we have that c* = log if. 

Next, we show that c* = log if also in the case when q = q\. For any q > qx it holds that 
H\ og K(x, q) < K V e x for all x and thus we find that H\ og K(x, q\) < if V e x due to continuity of 
H XogK (x,q) in q. 

Furthermore, note that 



e~ qs (a + (3e x °)ds, t>0\ (6.19) 

is a martingale for g 6 (gi, go) ; as it is both a submartingale and a supermartingale due to items 
(viii) and (ix) of Lemma El From monotone convergence it follows that (16.191) is also a martingale 
when q — q\. 

Next, we show that gi > a/if. It seems unclear how to prove this inequality directly using 
the definition of gi and instead we argue by contradiction, hence suppose that gi < a/if. Due 
to monotonicity in g in the definition of w and Theorem [1] it would then follow that if V e x > 
w(x, gi) > V(x, a/K) = if V e x for all x. Hence in this case 



e -n^+ zK )^ K y e x *Ar+ gK ) + j — e - qis (a + (3e Xs )ds, t > 

is a martingale. Recall from the proof of Theorem [1] however that when x < log if, the process 
above is strictly increasing. We get a contradiction with the martingale property and thus conclude 
that gi > a/if. 

From (I6.18P it is clear that smooth pasting can only occur when H{ ogK (logK — ) = or if . 
This occurs precisely at the end points of the interval [gi, go]. 

We conclude the proof by noting that when b 2 = 0, by considering (15. lip and (I5.13P with 
a = log if and recalling that W^(0+) > if X has bounded variation and W^'(0+) = +oo if 
X has unbounded variation, the strategies r* = a* = inf{t > : X t > log if} do not constitute a 
stochastic saddle point when q < q as otherwise the necessary upper bound, if V e x on the value 
function V will not be respected. □ 
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7 Proof of Theorem 



4 



The proof of Theorem H] again relies on the optimal stopping problem introduced in the previous 
Section. Assume that a/ K < q < q±, which is possible thanks to Theorem [3j 

Let us first address the issue of continuous and smooth fit. We know from Lemma [2] that the 
value function V is always continuous and hence in particular there is always continuous fit at the 
point c*. Note that necessarily c* < log -ft" as otherwise c* = log if and then from the previous 
theorem, q — q% which is a contradiction. As we shall see, this will be sufficient to uniquely 
characterize the value c* in the case that X has paths of bounded variation. When X has paths 
of unbounded variation, consistently with prior experience, continuous fit is not enough and the 
following lemma will be needed instead. 



Lemma 3. When X has paths of unbounded variation it holds that V'(c* 



V'(c*+) 



0. 



Proof: Thanks to monotonicity of the value function we know that V(x) < V(c*) for all x < c* 
and hence 

lhW MzM> . 

xlc* C* — X 

The proof is thus complete as soon as we show that 



V(c*) ~ V(x) . n 
hmsup < 0. 

x]c* C X 

To this end, let e > and introduce r c t +e = inf{t > : X t > c* + e}, r~*_ e 
c* — e} and r = r c t +(E A r~*_ e . From parts (iv) and (viii) of Lemma El we have 



(7.20) 
inf {t > : X t < 



E, 



e~ qT V(X T )+ I e~ gs (a + (3e Xs )ds 
o 



> V(c*)E c , 



-1 T r*- 



1 {t- <t+, } 



K 1-E,« 



e ~ 9V - £l {r-»_<rt + J 



(7.21; 



On the other hand, we have with the help of spectral positivity of X, V(c*) = K and the upper 
bound on V that 



< 7(c*-r)E,. 



e- qT V(X T )+ I e~ qs {a + l3e Xs )ds 
o 



{r- <T+ , } 



+ KE C . 



e - ff v+.i { 



X r + 



< V(c*-e)E c * 



lag K— T c* +e <T c* -t\ 



E c * 



log K ^ T c* + e < T c * - e 1 

e^ s (a + /3e Xs )ds 



o 



^ rcJt; + e 1 f 4 ,4- _ T 



logK 



r c T +e < r c ,_ e 



+ irE c . 
(a + ^ +,) (l- Ee .[e^] 



(7.22) 



Next, we claim that the last two terms on the right hand side above are o(e). For the first of these 
two terms, the claim follows by Lemma 10 of Baurdoux and Kyprianou [3]. The second of these 
two terms is proportional to (cf. Chapter 8 of Kyprianou [TO] ) 



1 - E c . [e- qr ] = q 



2c 
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which is o(e) on account of the fact that is monotone increasing with W®(0+) 
latter is due to the assumption that X has paths of unbounded variation). 

Taking this into account and combining the inequalities (17.211) and (17.221) we get 



(the 



V{c*) - V(c* - e) 



< K- 



E c * [e~ qr ] - 1 



eE r . 



T + 



0(6 



2c 



W^(y)dy) + 



0(6 



Lemma 11 in Baurdoux and Kyprianou [3] states that limsup e | W^(2e)/W^ q \e) < 2 and hence 
the expression in the brackets on the right-hand side above is o(e). This in turn implies (17.201) 
and hence the proof is complete. □ 



Define, for each c < log if, G c (x) := ~K X [U T +~\ , that is to say 



GJx) = E, 



£ -qr+ (^ T + v K j 



■oo 

I / E x 
'o 



{S<T+} 



ds, 



(7.23) 



and note that for x > c, we have 



G c {x) = e x V K. 



We may now put the features of continuous and smooth fit to use and characterize the value of 
c*. Our immediate aim is to give and explicit form of G(x), for x < c, in terms of scale functions 
and the characteristics of X. We first note that the integral on the right-hand side of (17.231) has 
been computed before and is equal to 



(a + (3e y ) (e-^^W^ic - x) - W iq \y - x^dy. 
The first term on the right-hand side of (17.231) satisfies 



E x 



+ E X 



e^(eV - K)H {X +>logK} 



(7.24) 



Recall that P denotes the law of X = —X. By Theorem 8.1 in [10], we get that the first term on 
the right-hand side of (17.241) satisfies 



E, 



E, 



-1 T o 



c — X) 



q 



$(g) 



w {q \ 



c — x) 



Now using the exponential change of measure (I2.8P with A = $(g), we write the second term in 
the right-hand side of (17.241) as follows 



E, 



_ OT + / x + 



K) 1{ X +>io g K} 
= E* (f?) 



E *(9) 



+-x), X + 



+ —x f a + r ,\ 1T 

Tc (e T - -^Jll{X T+ >iogK} 



T C-X T C-X — + 



+x>\ogK} 
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Let f(y) = e*^ s '(e x+y — K) ~R-{ y + x >\ogK}- From Theorem 4.4 in [10] and since x < c < logK, we 
deduce 



a;— c 



/( X r+.) I {X+ >c-x} 

C — X 

/ dt/(X,)l {Xt<c _ x} I {Xt>c _ :c 
Jo 

poo POO 

/ dt/ U^(du)f(u + X t _ + c-x)l {t>t} l {u+Xt _ 
Jo Jo 



>0} 



n $ ^(d«) / dtifi'i /(« + x 4 _ + c - x)i {T+>i} i {u+x 



{r + >0- 



->0} 



/ n*(«) (du) / i2* (ff) (x - c, dy; 0) / (u + y + c - x) l {u . 

Jo J-oo 



-y>0} 



where R^^(z, dy; 0) plays the role of -R(z, dy; 0) but under the measure Pf^. Therefore, by 
Corollary 8.8 in Kyprianou [10] we get 



/(*r+ ) 



y>0}- 



Finally, putting the pieces together, using in particular that 11*^ (da;) = e *^^n(dx) and 
W m (x) = e-*( ! ¥ f '(i), we obtain the following formula for G c (x), when x < c, 



G c (ar) = K[z^{c - x) - ^ wiq) ( c ~ x )) 

(a + (3e y ) ( e -^ c -y)w {q \c - x) - W {q \y - x))dy 

-oo ^ ' 

/oo /*0 
e -*(9)«n(d«) / dy (V w (c - ar) - e -* (9)s W (g) (c - x + y)) 

x e Hi)(u+y)( e c+u+y _ K)l {u+y+c>logK} . 

Now that we have an expression for G c we may find the one which corresponds to the optimal 
solution by choosing c = c* so that there is smooth or continuous fit accordingly with the path 
variation of X. 

Bounded variation case: In this case we know that W^ q \0+) — 1/d > 0. Hence, checking 
for a discontinuity at c we find that 



+ — I Il{dz + log K -c)f(z 



+ 







,(*(9)+l)c 



d 



(7.25) 



where 



*(?)+! 





i _ e -(*(g)+i)^ _ i n _ e -m«) if ^ > o 



*(?) 



if * < 0. 



(7.26) 
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It is important to note that 



f(z) ~ z 2 as z — > 0, and f(z) ~ — -r~. e z 

w w + 1 

thus from the hypothesis (A) and the fact that II is a Levy measure, we have 

POO 

/ U(dz)f(z) < oo. 



So, we take 



a (3 , 

+ — re c 



$(g) a: v$(g) $(<?) + 1 
l 



II(dz + log if - c) (1 - e ~^ q >) (7.27) 



$(g) 

± / U(dz + logK - c)e z (l - e- { ^ q)+1)z ). 

) + Uo 



$(<?) 

In order to show that this expression has a unique solution, it is more convenient to note from 
(EL25D that 

lim G c (c-) — K — (l--^-)<K 
on account of the assumption that q > a/K. Moreover, as in the case of bounded variation paths, 

POO 

^(0) = d9- (1 -e- 0x )U(dx), 
Jo 

and ip(&(q)) = q, we may compute from (17.251) 

cVogK cv ; d\$(q) ($(g)+l) / 

where the strict inequality follows from the fact q < q\ = q . Thus, we get the existence of 
the unique solution if we prove that £?.(•—) is continuous and increasing in (—00, log if]. The 
continuity of £?(.—) follows from (I7.25P and the fact that when the measure II has an atom at 
log if — c, the integrand on the right-hand side of (I7.25P is equal to at z = 0. 
Now, note that 

f( z ) = (e z - e -* {q)z ) > for all z > 0, 

v ; $(g) + V ' 

which implies that / is positive and increasing. Then from (17.251) it is clear that G.(.— ) is increasing 
in (—00, log if]. 

Unbounded variation case: In this case W^ 9 '(0+) = and hence in the above analysis one 
sees that G c (c— ) = if = G c (c+). In that case, the principle of smooth fit can be implemented 
and we insist on choosing c such that there is no discontinuity in G' c (c—). 
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Recall that G C^oo) and let x < c. Therefore, using a standard argument involving 

dominated convergence to differentiate through the integral in the last term of G c (x), we have 

G' c (x) = A ^M/(«»'(c - x) - qW {q \c - x)^j 

+ I {a + (3e y ){W (q) \y-x)-W {q) \c-x)e-^ q){c - y) )dy 
J —00 

+ $(g)e* (9)(a; - c) j e-^ q)u Ii(du) J° dy(w {q \c-x)-e'' s ' iq)v W {q \c-x + y)^ 

a {d ) ^{u+y+OlogK} 



X 



J™ e-* {9)u n(d M ) ^ dy (e-^ q)v W {q) '{c -x + y)- W iq) \c - x)) 



xe ^ e ) ^{u+y+Olag K} ■ 

Also, recall that W^(0+) = and that W (lj) '(0+) = 2/6 2 which should be interpreted as +00 in 
the case that the Gaussian coefficient b 2 = 0, 

(a + Pe y )e^ q)y dy 

-co 

poo rO 

-W®'(0+) / e-^ q)u n(du) / dye^ q){u+y) 

x (e c+u+y - K)l {u+y+c>logK} . 
In order to obtain the smooth fit G' c (c+) = we necessarily must have: 

q e~^ c 



•to) k jJ^M^y 

+ _ / e -*(9)«n(du) / dj/e 

A io i-00 

x (e c+ ^-A)l {M+y+c>log ,, } . 

After some algebra, we get 







g 1 f a (3 



$(q) K \Q(q) + 1 

— / n(d^ + log a — c)(i — e -* (9)z ) 



+— / n(dz + logA-c)e z (l-e- ( * (9)+1)z ), (7.28) 

which is the same identity as in (I7.27p . In order to prove the existence of a unique solution of the 
above identity we will follow similar arguments as those used in the bounded variation case. Let 
us define 

F( c ) = A f 1 - + e-^ c ( -^e^ c + e^+ 1)c 



+ A / TL{dz + log K-c)f{z), 
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where / is defined as in (17.261) . Note that c is a solution to (17.281) if and only if c solves F(c) = K. 
Similarly to the bounded variation case, we have that 



/ U(dz)f(z) < oo. 
Jo 



Now, we note from (I7.29P that 



lim F(c) = K — ^% ( 1 - — ^ < K 

«4-oo V ; V KqJ 



on account of the assumption that q > a/K. Moreover, recall that 

b 2 f°° 

^(0) = a9 + -6 2 + / (e- dx - 1 + 9xl {x<1} )U(d 
2 Jo 

and ijj(&(q)) = q, then after some straightforward computations we get 



_ V>(-l) + q-6 2 /2 g-a1»(g)-6 2 /2«l> 2 (g) 
1 J/l J $(g) + l + + 1) ' 



Hence from (IT.29j) 



ctiogx V ; \$(q) ($(q) + l) 2 J 

where the strict inequality follows from the fact q < qi (recall that q± = qo when b 2 = 0). The 
existence of the unique solution now follows from the continuity and the monotonicity of F which 
can be proved as in the bounded variation case. 
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